Rutgers University: Algebra Written Qualifying Exam
August 2016: Problem 3 Solution

Exercise. Let I be an ideal in a principal ideal domain R. Show if I # R, then
ﬂ I" = (0).
n=1

(Here I™ is the ideal generated by all products z ...x, such that z; € [ foralli=1,... n)

Suppose for contradiction, x € N2, I" and = # 0.
Since [ is an ideal and R is a principal ideal domain,

I =(a) = Ra={ra:r e R}.

rel" = x € Ra" n
= dby,...,b, € Rst. z=0bya" vn
— bpa" = b, 0™
= b, = by110
Rby C Rby € --- C Rb,

R is a PID = is noetherian:
Rb,, = Rb,, for some n

= b, = rib,y1 and r9b, = b, 1 for some r1,79 € R
—> a must be a unit —> [ = Ra = R, a contradiction.




