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Exercise. Let I be an ideal in a principal ideal domain R. Show if I ̸= R, then
∞⋂

n=1
In = (0).

(Here In is the ideal generated by all products x1 . . . xn such that xi ∈ I for all i = 1, . . . , n)

Solution.
Suppose for contradiction, x ∈ ⋂∞

n=1 In and x ̸= 0.
Since I is an ideal and R is a principal ideal domain,

I = ⟨a⟩ = Ra = {ra : r ∈ R}.

x ∈ In =⇒ x ∈ Ran ∀n

=⇒ ∃b1, . . . , bn ∈ R s.t. x = bnan ∀n

=⇒ bnan = bn+1a
n+1

=⇒ bn = bn+1a

Rb1 ⊆ Rb2 ⊆ · · · ⊆ Rbn

R is a PID =⇒ is noetherian:

Rbn = Rbn+1 for some n

=⇒ bn = r1bn+1 and r2bn = bn+1 for some r1, r2 ∈ R
=⇒ a must be a unit =⇒ I = Ra = R, a contradiction.
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